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1.0 INTRODUCTION

A boundary value problem consists of a integro-differential equation on a given interval
and an explicit condition that the solution must satisfy at one or several points. The simplest
instance of such explicit conditions is when they are all specified at one initial point. The solution
of integro-differential equations may be generally specified at more than one point. Often
there are two points, which correspond physically to the boundaries of some region, so that it
is a two—point boundary value problem [6,10,12].

The theory of infegro-differential differential equations has been of great interest for many
years. It plays an important role in different subjects, such as physics, biology, chemistry, etc,
and the study of periodic solutions for non-linear system of differential equations with boundary.
Table titles are written in Times New Roman 10-point, placed above the table, without ending
the dot. The table should not be decapitated, unless it is not possible to be typed in a single
page. On the next page the table lists the table numbers and is written an Advanced word
without fitle. Charts, graphs, maps, photos, all called images. The ftitle of the picture writes in
Times New Roman 10 point, just below the image, without ending by the dot. The picture
description is written in an empty space on the same page. The scale and units on the graph
should be as clear as possible. Each table and picture should be referenced in the paper.

conditions and boundary integral conditions is a very important branch in the integro-
differential equation theory [6,9,12,14,24]. Many results about the existence and approximation
of periodic solutions for system of non-linearintegro- differential equations have been obtained
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by the numerical analytic methods that were proposed by Samoilenko [19,20,21] which had
been later applied in many studies [1, 2, 4, 7, 8, 22, 24].

The so-called numerical-analytic method for investigating a periodic solution , is widely
used for studying solvability of non-linear boundary value problems and constructing
approximate solutions [3, 19, 20], and it is convenient for finding harmonic oscillations arising in
various systems described by ordinary differential equations, differential equations with
retarded argument and with impulsive action, infegro—differential equations, partial differential
equations and differenfial equations with boundary conditions and boundary integral
conditions [5, 10, 11, 13, 16, 17].

Butris [5] used the same method which were infroduced by Samolinko [21] for studying the
periodic solution for non-linear system of Integro-differential equations of Volterra Type which
the following form:

20 = (A+BO)x() + f(t, x(0), Bz, (S, 6(t, 5)k(s)ds)"), (1.1)
i=1,2,3,....n

where x € D € R™ , D is a closed and bounded domain.

Let the vector function f(t,x,y) = (fi(t,x,¥), (£, x,¥),..., fu(t,x,¥)).
Is defined and continuous on the domain,
(t,x,y) ER' XD X D; = (—o,0) X D X D, , (1.2)

where D, is a bounded domain subset of Euclidean space R " .

Suppose that the function f (t, x, y) safisfies the following inequalities:

Suppose that the function f (¢,x ,y) satisfies the following inequalities:
If . x,nll = M, (1.3)
If (& %1, ¥1) — F(Ex2,¥2) Il < Lillxy — x| + L llyy — yall (1.4)

forall t € R' ,x,x,,x, €D .,y,y.,¥, € D, where M,, and L,, L, are positive constants.

Suppose that G(t,s) is (n x n) continuous positive matrix and periodic in t, s of period T provided
that:

JENG(E )| ds < K. K>0
Sy = ?:1[(5 (SollAllQy + Q,[HS, + M] + B)1 (1.5)

0

Sy = ) iK' (8,lIallQy + Qu[HS, + M] + )"~
i=1

Where S1 and S2 are convergent.

Also A <@ <o, |x,|=6, . IBEOI<H Ny =l

Q= Q(1+N,Q,?) andf = || = [diBr* — (ABi* + Ee)x, .

Lemma 1.2. Let the vector function f (t, x) is defined and continuous on the interval [0,T]. Then
the following inequality:
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|15 (s:x()) = 317 f(s.x())ds)ds|| < a(t) M (1.6)

is holds, where a(t) = 2t (1 - %) and M=% |f(sx)].

te[0.7]

(for the proof see [21] ).

In this work, we prove the existence and approximation of periodic solution for non-
liniear system of integro-differential equations (1.1) with boundary condition:

Ax(0)+B,x(T)=d, .detB,#0 (1.7)
where A; = (A,ij),and By = (B,ij) are (n X n) positive constant matrices and
d, = (dy,,dy,...,dy,) isapointin R" .

Now, we difine the non-empty sets as follows:

Dg =D — (B1(t)Q1[HE, + My] + T)

(1.8)
Dig = Dy — (8llAllQy + Q2[HE, + My] + )
and
U= [(H +L,)B,()Q, +L,5,0,] < 1 (1.9)

Also, we define the sequence of functions on the domain (1.2) as follows:
t
Xmaa (6 %0) = %oe? + [ 40~ [B(s)x (5, %0)
o
+F x50 Y ([ 66D (T %0)dD))
i=1

_eATA_ EjTeA(T~S) [B(s)xm(s:xo) T f(s, xm(S,xo): Z(fs G(S, ‘r)i’m(‘r, xO)dr)i)]ds]ds

+9A+t_5.[d131_1_(‘4131_1+EeAT)x0] ; (1.10)
with
xO(t,xO) =erAt ,n]:O. 1.2....
2.0 THEORETICAL

2.1. APPROXIMATE SOLUTION OF INTEGRO-DIFFERENTIAL EQUATION (1.1) WITH BOUNDARY
CONDITIONS (1.7)

In this section, we investigate the approximation solution of the system (1.1) with boundary
conditions (1.7).

Theorem 4.2.1. If the system (1.1) with boundary conditions (1.7) satisfy all assumptions and
conditions of a above, then the sequence of functions (1.9) which is continuous in tis uniformly
convergentas m — « on the domain:

(t,xg) € R* X Dg = (—o0,0) X Dg (2.1)

1JISCS | 126



to the limit function x _(f,x )defined inthe domain (2.1), whichis continuous in t

satisfying the system of integral equations:

x(trx[]) = xl]eAt + f[]r E_,A(I‘—S} [B(S)x(s, x[]) + f(S,x(S,xﬂ), E?:l(f_sl G(S, '{):.c(f, xﬂ)dr)f)

——— J, €479 [B(s)x(s, o) + £ (5, %(5, %), iz ([, G (s,7)t (1, x5)dr) ) ds]ds

A _ _
+ = [diBi — (4Bt + Ee*T)x] (2.2)
wich is a unique solution on the domain (2.1) provided that:
llx.(t, x0) — xoll < By(£)Q:[HSy + M,] + BT (2.3)
and
lx..(t, x0) — X (t, x0) |l < B (D)Q U, (1= U)TU™ T, (2.4)

forall m=1,x, € Dﬁand teR.
Proof. Setting m=0 in the sequance of function (1.9) and using lemma 1.1, we have:-

ellAIT_llAN(T=1)

I, (2, %0) = %oll < [IEN = (ammzr—) | S lle @2 B llixoll + 11£ (s, %o, 0)l]ds

AT _gllAll(T-t)y .1 _
+ () [ lle A2 1Bl + 17 (s, %0, 0)ll)ds

+ | (B — (A,B7 + EefT)x, ]|

eAT—E

ll2¢1 (£, %) = %ol

<

t(zel\All(T—t) — ellalT _ IEID + T(EIIAIIT — EI\AII(T—t))
[ el AT — ||E||
< Bi(0)Q:[Hdo + My + BT

t(zeIIAII(T—t),e\IAI\T,”E||)+T(eHAI\T,eIIAII(T—t])
eI ATT_|E] ]

]Ql[H(?O + M|+ BT

where B;(t) = [

Hence,
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llx1(t, x0) = xoll = B1(£)Q,[H&o + M1] + BT (2.5)
ie. X;(t,xg) €D ,forall x, € Dgand t €R'.

Moreover, on differentiating x ,(f,x,) ,we find that:

12, (£, x0) II = Il xoAe At + e4E~)[B(t)xo + f(t,x0,0) —  eAT=) [B(5)x,

=,
+£(5,%0,0)]ds] + —7 E[d Bi' — (A;BT* + Ee“T)xo] |l
< lIxollllAlllle ]l + [[eAC= | UIBCE o ll + I1f (£, x0, 0)| +
srarez Jo AT HIB(S)lxol
+IIf (s, %0, 0)I]ds] + || — [d1B7* = (A,B7* + EeT)xo] ||

< 8ollAlIQs + Qs [HEo + M + e [ Q4 [H8, + My ]ds] + B

< SolANQ, + Qu[Ho + My] + L1115, + M,]] + B

el AT g

< SollANQ: + (@1 + iz [HB, + My] + B

< 8ollAllQy + Q2[Hép + My + B,
And hance,

1%, (L, x0) || < ollAllQy + Q2[HEo + My + 5, (2.6)
i.e. X,(t,xo) € D, .forallx, € Dgand t €R".

Thus, by induction, we prove that :
(£, %0) = xoll < By(£)Qu[HSy + My] + T . } 27
o (t, x0) |l = SollAlIQy + Q2[HS, + M, ] + B
i.e. X (t,Xo) € D, X,y (t,Xp) € Dy . forall x, € Dgand t € R,

Where
J‘-’m+1'(ra xﬂ) = xt]AeAr + eA(r_S)[B(t)xm (tr J.’[])

(x| 6068t x0)d))

A (T,
ToAT_E f e“"=) [B(5)xp (5, %) +
0

£(8,Xm(5,%0), Ziea (7 G (5, T)Zm (T, x0)d7)") ]ds]

[dyBi* — (A;BT' + Ee®")x,] (2.8)

ATE

Forallm=0,1,2, ...

Next, we shall prove the sequence of function Frlt*)lne converges uniformly to the limit
funtion x- (f, Xxo) on the domain (2.1) which is a required solution of  integro-differential
equation ( 1.1) with boundary conditions (1.7), and to do this, we need to prove the following
inequality :
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X ms1(t, X0) — Xm (L, x0) Il < By (£)QU, U™ |, m=1,2,3,... (2.9)
where

U=[(H+L)B,()Qs + Lz5,Q;] . Uy = [(H + L) (B,(0)Q:[HS, + My] + BT) +
L,S1(8ollANlQ, + Q2[HS, + M,] + B)], .

From the sequence of functions (1.9), we have:

llxc, (¢, x0) = x4, (t, %) | = llxe”t + fote‘“(“s) [B(5)x1(s,xo)

(5, %1(5,%0), Ty (S, G (5, 7%y (7, %0)dT))) — == [ €A~ [B(s)xs (s, Xo)

+£(5,x1(5, %0), Biza(J2, G(s, 7%, (7, %0)d7)")]ds]ds + —r— [d, B — (A, B +

Ee?T)x,]
—x,e4t — ]OteA(t-S) [B(s)xo + f(s,%0,0) — eATA_ 3 joTeA(T"S) [B(s)xo
+ f(s,x0,0)]ds]ds
———[d1B7* — (A,B7* + EeAT)x ] ||

By using lemma 1.1, we get:

AT _ lAlT-t)

ez 2, %0) = 21 (6 %0)ll < [IEN = (paprmrz—) | S5 e TIB ()Ml (5. %0) = %ol

+L, x5 (s, x0) — xoll + L,(Xi-y K ((8ollANlQy + Q2[HS, + M,] +

Bl (s, x0)l]ds

(eIIAIIT_eIlAII(T—n

) I el LB (s)llllx: (5, %0) — Xl

eIMIlT—"E"
+L1"x1(5.xo) = xo" i Lz(ZE"=1 K' ((60"A||Q1 5 QZ[H‘SO +M,] +

B Iz (s, x0) l1ds

S IAIT _ g lIAI(T—t)

llxa(t,x0) — 21 (& x0)ll < [IEN = (=) | fo @1 [Hllxa (5 %0) = xoll +

Ly||x1(s,%0) — X0l
SMAIT_ Al T—t)

e"AlIT-"Eu

+L84 1%, (5, x0)l]dls + (: )1, @ [Hllxy (5, %0) — xol

+Lyllx; (s, x0) — xoll + LS, l|%, (s, x0) |l]ds
llx2 (£, X0) — X3 (. x0) | < By (£)Qs[(H + Ly)( By(£)Q[HS, + My] + BT) + L, S: (Sol|AlIQ, +

Q2[HS, + M;] + B)]

let Uy =[(H+Ly)(Bi(t)Q1[H8o + My] + BT) + L;S; (Soll AllQ, + Q2[HE, + M,] + B)]
So
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llx2(t, x0) — x4 (t, %0) | < By(£)Q1 Uy -
Hence, the inequality ( 2.9) is true for m=1 .

Suppose that the inequality ( 2.8) is true for p e Z ", i.c.
llxp 41t x0) — %, (£, x0) || < B2 ()@, U, U™ (2.10)
le.pi-l(t' X) — ip(t'xo)” < Q,U,Ur"!

Then from the sequence of functions (1.7) again and using lemma 1.1 ,we find that:-

e NAIT _ hAll(T-t)

[lp+2(t: X0) = Xp41 (t, %) || < ["E" - (W-IIEH)] f;"e‘“‘”" BN |41 (5. %0) —
x,,(s,xo)"

+L1"xp+1(5' Xo) — xp(s:xo)" +L,(2i-, iK' (6oNQ, + Q:[HS, + M,] +

B)i-l)”xpn(su Xp) — x.p(s- xo)"]ds

ellAlT _ ellANT—1) T
+( ) J, 1B 165.20) = .30

+L1"xp+1(srxo) - xp(srxo)" + L,(T-, iK' (6,NQ, + Q,[HS, + M,] +
B) 7 H)||xp41(5, X0) — % (5, %0) || 1ds

lAlIT _ g llall(T-t)

el
2t %0) = a6 x0) | < |IET = (=) | Jo @1 [H 111 (5, %0) = X (5, %0) |

+L, ||xp+1{s, Xo) — xp(s,xo)” + Lzszuipﬂ(s, Xo) — Xp(8,Xo) ||]ri's

AT _ G LAN (T )
+ (W) f: Q1 [H||xp+1(5,%0) — x,(s, x0) |

+L1"xp+l(sr Xg) — xp(-'-“': xn)" + Lzszlli'pﬂ(sr Xg) — ip(s’xu)”]ds
”xp+2(t:x0) - xp+1(t1 xu)” < By (1)Q,[HB,()Q U, UP~" + L, B, (£)Q, U, U™ +
L,S,Q,U, U]
< By(6)Q U, UP[(H + Ly) B, ()@, + L,S,0Q-]
< By (t)Q,U,U°",
and hence ,

”xp+2(t:x0) = Xp41 (8, xu)” < B,(t)Q,U,U" . (2.11)

Therefore, by induction the inequality (2.8) is frue form = 1.
From the inequality (2.11), we get the following inequality:
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l2m 1 (t, X0) — Xm (L, X))l < Zf:_; By(t) QuUU™ | (2.12)
holds forallk >l and x €D, .

zfz—é Um—1+j < Um—l 27=0 Uj — Um—l(l - U)—l y (2_13)
and
lim U""' =0, where m=1,2,3...., (2.14)

Relation (2.13) and (2.14) prove the uniform convergence of the sequence of function

(1.9) in the domain ( 2.1) asm — = .
Let

lim x_(¢t,x )=x_(t,x,) . (2.15)
Since the sequence of functions (1.9) is continuous in t ., then the limiting function
x_(t,x,) isalso continuous in t .

Moreover, by the lemma 1.1, and the inequality ( 2.13) the inequalities ( 2.3) and
(2.4) hold forall m =1.

Using relation ( 2.15), when m — oo, that the limiting function x _(#.x ) is a solution
of the integral equation ( 2.2).
Finally, we show that x (f, x o) is a unique solution of the system (1.1) with boundary

conditions (1.7). Assume that r (f, x o) is another solution for the system (1.1) with boundary
conditions (1.7), i.e.

r(t, x,) = xoe™t + f eAE5) [B(s)r(s,x0) + F(5.7 (s, xu),Z( j (s, 0)(r, x,)dD))

— = [, e4T [B(s)r(s,x0) + f(5,7(5,%0), Bz (S, G (5, D) (T, X0)dT) )] ds] s
+—— [dyB7 — (A, B + Ee“M)x] . (2.16)

Now, we find the difference between them, we have:

AT _ gllAl(T-t)

||x(t, Xo) — (L, xo)" = ["E” - (eﬂT—”E”)] f;"&"‘lu_s)“ [IIB(S)Illlx(s, xo) — (s, xp)||
+Lil1x(s,%0) — 7(s, %) | + Lo(Bi=s iK' (6oNQ;y + Q2[HS, + M] +

B) k(s xo) — 7(s,x0) l]ds
(e ) e 1B llx(s, %) = 7(5,x0)1
+L1"x(5;xo) - T(S:xo)” +L(X, iK! (8ollANQy + Q,[HE, + M, ] +

Bl (s, xo) = 7(s, %) ]ds

Or
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lallT _ o llAll(T—t)

(e, x0) = 7t x0)ll < [IEN ~ (Spapme—)] J¢ @1 [Hllx(s, %0) = (5, %)
+L,||x(s,x0) — 1(s, xo) |l + LS, |12 (s, x0) — 7 (s, x0) l[]ds

LAIT _ lAl(T-1)
() Je @ [Hllx(s,x0) = (s, %)
+L, ||x(51 Xp) — (5, %) | + L252||55(5; Xp) — 7(s, xu)||]ds

Thus
[|x(t, xo) — r(t, xo) |l < By ()Q1[(H + L)lx(t,x5) — r(t, xo)l

+L,S5,||x(t, xo) — (£, x0)l] (2.17)
Also, we find :

”.I(t, xl]) - f-(tl xO) " = ||xOA€At _+_ 'EAU_S:] [B{t)x(t, xO)

Te"‘[T‘Sj [B(s)x(s,x,)

0

+£(s,x(s,%,), Z(f G(s,1)x(t,%,)dr)")]ds] t— A [d Bi' — (A;B7' + EeT)x,]

—xpAeAt — Alt™ 5)[3@)?-(1_-! xo) + f(t,7(t, xu)aE?ﬂU_m G(t,s)7(s, xu)ds)i)
J-T eA{T_S) [B(S)T'(S, xﬁ]) + f(SJ r(s, xﬂ)ﬁZ?Zl(J-jm G(Sr T)?.'(Il xﬂ)d-r)i)]ds]

eAT—g -0

———[diB7* — (A, By + Ee*T)x,] |l .

By using inequality (2.4) . we have:
1(t, x0) = 7(t, o)1l < [[e*“2 | MB@ONx(t, x0) — (¢, x0) I + Ly llx(t, x0) = (¢t 2%0) I

FLoSylI(t,%0) = #(&, 20l + iz o 2| B () llx(s, x0) = (s, %o)ll
+Lyl1x(s, x0) = 7 (s, x0) |l + LS5 1% (s, x0) = 7(5, x0) l1]ds]

Or
lx(t, x0) — 7(t, xo) Il < Q[(H + Ly)llx(t,x0) — r(t, x0) |l + LoSo |l (t, x5) — 7(t, x0) |l

=y Qu[(H + Ly)lIx(5,%0) = (5, %) | + LaSa I (5, %0) = 7(s, %) l]ds]

elAlT— g ‘0

< (@ + e [(H + LI (2, %0) = (8, x0) |l + LS [1(E, %0) = #(8, %) ]
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and hence,

15 (t, x0) — 7(t, x0) || < Qu[(H + L)lIx(t, x0) — (£, x0) |l + LS, [1%(t, x0) — 7(, x0) lI].
(2.18)

From inequality ( 2.17) and ( 2.18), we obtain that:

llx(t, x0) — (£, x0) || < By (£)Q1[(H + Ly)IIx(t, x0) — 7(t, x0) |l + LS l1%(t, %) — 7(E, xo) 1]

< By ()Qu{(H + L) B, () Qs [(H + Ly)llx(t, x0) — 7(t, x0) || + L2S2ll%(t, x0) — 7(2, x0) ]
+L25,Q2[(H + Ly)lx (8, x0) — r(t, xo) Il + LS [l (2, x0) — 7(2, x0) 1]}
< By(0)Q1((H + Ly)By(£)Q1 + L2S,Q2)[(H + Ly)[|x(t, x0) — 7(E, x0) |
+L,S,||%(t, xp) — 7(t,x0)||] <C,U ,

Hence ,

llx(t, x5) — r(t, x0) |l < C,U

where €, = By (t)Qy[(H + Ly)llx(t, x0) — r(t, %) Il + LS, 1% (t, x0) — #(t, %) ]

so, by induction, we obtain :

lx(t, xo0) — 1(t, x0)ll < GU™ . (2.19)

From inequality ( 2.19) and by using ( 2.4), when m — e , U™ — 0 ,we have:

H.r (t.x,) —r(f,xu)” =0,

thus, x (t,x )=r(t.x,).le.

x(t,x,) is a unique solution of the system (1.1) with boundary conditions (1.7) for all

teR', x, €Dy

3.0 METHODOLOGY
Existance of A (0, x,) For The System (1.1) With Boundary Conditions (1.7).

The existance of A (0, x,) for thesSystem (1.1) with boundary conditions (1.7). is uniquely
connected by the following function:

A(0,%5) = =— [ eAT=0 [B(t)x..(t, xo) +

eAT—g
£t x..(t%0), 220 ([ G(t, 5)k.(5,x0)ds) )] dt
+,9£+_E[d131_1—(f113{1+56”)x0]. (3.1)

Where x,, (1, x,) is the limiting function of the sequence of functions (1.9).
This function is an approximation determined from the following sequence of functions:
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T

Am(Or xO) = eA(T-t) [B(t)xm(tr xO)
0
+ 1t %0) ) (| G0t 5o, 7))
o E[d Br' — (A,B{' + Ee4T)x,] . (3.2)

where m=0, 1, 2, 3....

Theorem 3.1. If the hypotheses and all conditions of theorem 2.1 are holds, then th following
inequality is safisfied :

||£'I(U,x0) - dm(U,xo)” = NlNzQz(H +Ly)B,()U;(1 - U)_lum_l =V¥m (3.3)
where N, = [1 + Lzsle(l - Q1L252)_1] Q2 = Q1(1 + N1Q12)
Proof. From ( 3.1) and ( 3.2) ,we have :

1800, %) = 40,30 < syt

T
[ A0l B e-,x0) = %t 2]
NEN Jo
Ly llx(t, x0) — X (t, x0) Il + L2(Z724 iK' (8,llANQ + Q,[HS, + M] +
BY )l (t x0) — i (£, x0) ]dt
or
14(x0) = AmCeo)ll < g Jo @u [(H + L)l (t,%0) = Xm(t, %)l
+L,S, || % (t, x0) — X (t, x0) I]dt
< (=) Qu[(H + L) I1xe (8,%0) = X (8, X0) | + LaSa 1% (8, %0) = im (£, %0)1]

< N;Qq[(H + L) llxe(t, x0) — 2 (t, x0) | + LS l1%.-(E, x6) — X0 (£, x0) 1] .
and hence,

1400, x) — 4,,(0, x0) |l < NQ[(H + L) lx-(t, x0) — x(t, x| + LSy ll%-(t, x0) —
X (£, x0) 1] (3.4)

Taking

|‘Ix1(tr xﬁ]) - xm(tlxo)" = Ql[(H + L])"xo'_'(tl xl]) - xm(t;xo)” + Lzszllix(tlxl]) -
Xm (f.', xo)”

+N1 Q1 [(H + L)l (t, x0) — X (8, X0) Il + LpS3 |l (£, x0) — X (£, x0) ]

IA

Q; [(H+ L1)||xm(t,xo) — X (L, xo)ll + LS, || (8, xp) — Xm(t, x0}||]

IA

Qz[(H + Ly)|Ix(t,x0) — 2xm (£, Xp) || + LSz || (t, x) = % (, X0) Il
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and hence,
|| (t, %0) — %X (£, o)l
= Qz[(H + L1)||xm{t,x0) - xm(t. l’u)” + L252”i°ﬂ(trx0) - J"fm(t, xu)”]

From the last inequality, we have:

”iw(tn Xo) — im{t:xo)" <(1- Q2L252)_1Q2(H + L1)||x.,c.(t, Xg) — xm(t,xg)ﬂ

(3.5)
By substituting inequality ( 3.5) in ( 3.4) , we obtain:
14(0, x0) — 4, (0, xp) Il < N1Q1(H + Ly)llxw(t, ) — X, (£, x0) I
+N1Q1(H + L1)L2S3 Q2(1 — Q2L252) 7 Ixw (t, X0) — X (£, x0) |
SN, Qi(H +Ly)[1+ LS;Q2(1 — Q2L2S2)  ]lxe (t, o) — %, (8, x0)
< NiN,Qy(H + Ly)|[x<(t, x0) — X (8, x0) |
So that

14(0,x0) — 4, (0,x0) Il < NyNoQy(H + Ly)lIx(t, %) — X (8, x0) |
Using inequality ( 2.4), we get:

14(0, %) = 4,0, x0) |l < NyN; Q1*(H + L) B, (U, (1 = U) U™ =,
i.e. the inequality ( 3.3) will be satisfied for all m >1 .

Theorem 3.2. Let the system (1.1) with boundary conditions (1.7) be defined in the interval
[c, d] on RT Assume that the sequence of functions (1.10) satisfies the following inequalities:

min4,, (0,x,) < =¥m -

max 4y, (x0,0) < ¥m (3.6)

Where xO E [C + Bl(t)Ql[H60 + Ml],d paree Bl(t)Ql[H60 + Ml] and

Ym = ”N1N2Q12(H +L)B,()U;(1 - U)—IUm_lll .
Then , the system (1.1) with boundary conditions (1.7) hasa solution x = x(t,x,) for
Xo € [c + B,(£)Q:[HS, + M,],d — B, (t)Q:[HS, + M, ]

Proof. Let X ,X, be any two points in the interval

[c+ B,(t)Q,[HS, + M,],d — B,(t)Q,[HS, + M;] such that:
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dm{[]:xl) = mindm (le()) ’

‘dm([]:xz) = max‘dm (U;xo) (3.7)

where x, € [c + By(t)Q,[H6, + M,],d — B,(t)Q,[Hb, + M,]

By using the inequalities ( 3.3) and ( 3.6) ,we have :

A(0,x,) = 4,,(0,x;) + (A4(0,x,) — 4,,(0,x,)) E O,

A(0,x;) = A4,,(0,x,) + (4(0,x;) — 4,,(0,x,))F 0 (3.8)
It follows from the inequalities ( 3.8) and the continuity of the function

A(0, x,) that there exists an isolated singular point X. = Xy , X. € [Xy,X3],

such that 4(0,x,) = 0. This means that the system (1.1) with boundary conditions (1.7) has a

solution x(t,x,) for which x¢ € [c + B,(t)Q[HJ, + M],d — B,(t)Q[H{, + M]

Remark 3.1|21 |. Theorem 3.2 is proved when x  is a scalar singular point which should be

1solated , thus we have :

4.0 RESULANTS

Stability Solution Of Integro-Differential Equation (1.1) With Boundary Conditions (1.7)

In this section, we investigate the stability solution of the system (1.1) with boundary
conditions (1.7). Theorem 4.1. Suppose that the function 4 (0, x) as defined in (3.1) is given, then
we get the following inequalities:

14(0, xo)|l = M, (4.1)
where
M; = N,Q(H8,Q,M5 + B, (t)Q,HMM; + BHTM; + My) + 8
where M; = (1 — ||B,()||Q,H)~?!
14(0,x5) — 4(0,x5)l < [FaFll(By (D) |ExFy (N1Qy + B1) + (Qy + TBy)) + Fs]”xé — x5l
(4.2)

12
hold forall x  ,x ,x EDﬂ ., where

——[A:B, "+ EeT)|| . Ey=Qu(H +Ly) and B, = Q,L,S,

eAT—g

ﬁ1:

Proof. From the equation ( 3.1) , we have :

Al [Ty
140, x0) || < —m—— f le4™=|| 1B ) llx..(t, x0) I
el Al —E ),

|| £ (Exat %), B (S G (8 ) (5, %0)ds)) |1t + ||z [du BT = (ALBT* +

Ee“T)x,] "
So, we have
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T
140,51 S S Oy Al )l + M + B

1400, %0)1I < A QuH .. (8, Xo) | + —pairie== QM + B (43)

ellAIT—| E)|

Since the function x _(f,x,) satisfies the integral equation ( 2.2), then we find that:

e D=l |+] o' B 65

£ (5,25, %0), B (S, 65, D) (1, 20)d0)1) = i [y €47 [B(S)1e (5, %0)
+£ (5, %.(5,X0), Ziza (S, G (5, 1)%..(1, o) d7))]ds]ds +—— [ B * — (4, B;

Ee“T)x,]ll

Now, by using lemma 1.1, we get:

llx..(t, xo) Il = 66Q1 + IIB(E)NIQ1[HIx..(s, x)I| + My] + BT
S0,
llx..(t, x0) Il = 6,QM; + [|B(t)IIQM M3 + BTM, (4.4)

Substituting inequality ( 4.3) in (4.2), we get the inequality ( 3.7).
Also, by using equation ( 3.1), we have:

AllT

140, x8) = A, x| < AR QM (6, 33) — e (6, X + Lyl (£,33) — o (2, 23)]

HLoSell%e (8,%8) = %o (8, ¥ + || (428" + EeT]| Ik — 311

50,

1400, x3) — A0, x| < Ny Eyllxe(t, x3) — xa (b, x3) | + Ny Eyllia (8, x8) — (8, 23)
+Billxg — x5 | (4.5)

Now, we to find that :
lI%..(t, x3) — %..(6, )11 < llxg — x5 HAlNe Nl + [|e*“= | (1B Nlx..(t, x5) — x..(t, x|

+Ly || (8, x5) — X (&, X3 | + Ly S, 1% (8, x5) — %o (8, x3) 1]

—e [T [|eAT=9)|| [1B(s)ll1x (5, x2) = xo (5, 22)]

9"“‘"7 (1]
+Lyl1x.(t, x5) = X (8, x3) | + LS, 1% (8, x5) — % (¢, x3) |l]ds
+ ||ﬁ[AlBl_l + EEAT] || ”xo - xo "

1%..(t, x5) — % (6, x| < llxg — x5 MANQs + Qu[(H + L) lIx.o(t, x5) — x.o(t, x)
+LS, || (8, x5) = %o (8, X5) | + Ny Q1 [(H + Ly) 1 (5, x5) = xeo(5, x5l

+L252||iw(t; xt%) — X (t, xg)"]] + 181”10 — Xp 1l

1JISCS | 137



< llxg = 2 NCHANQs + B1) + Q2[(H + Ly)llx..(t, x5) — x..(t, x5)

+L58; 1% (t, x5) — %o (£, x5)1]
and hence ,
l1%...(¢, x5) — %.(8, x3) I < llxg = xFNAANQy + B)(1 — Q2 LSy) ™!
+Qz(H + Ly)(1— Q2L,5,)7" llx.(t, xé) — x.(t, )
< Fi(IlA11Qy + BlIxg — x5l + F1Q2(H + Ly) [ x.(t, x3) — x..(¢, x5)|

(4.0)
where
Fy = (1—Q,L,5,)™!

By substituting inequality ( 4.6) in ( 4.5) , we obtain :
14(0,x5) — 4(0, x)|l < N2Eyllx-(t, x5) — xe (&, x3) 1 + N2 Ex Fy (14112 Q + B1) x5 — x5l

+N, E,F,Q, (H + L)|lx. (t,x}) — x_(t, x2)|| + B, lIx2 — x2||

< Ny (Ey + E2F,(H 4 L)lxo(t, x3) — x.(t, xD)I

+(Ny ExFy (N2Qy + By) + Bo)llxg — x5l

Putting
F; = No(Ey + E;QuF;(H+ L)) and Fy3 = (N:E;F; (N,Q + By) + 1)

so, the last inequality becomes :
14(0,x5) = 4(0, x| < Fyllx..(t, x5) — x.(t. x) || + Fllxg — %3l (4.7)
where x..(t,x3) and x.(t,x3) are the solutions of the integral equation :

x(t,x¥) = xfet + f;&'"“"} [B(s)x(s, xt) + f (s, x(5,x8), Liza(J”, G (s, D) (T, x&)dT)")

— I, " T [B(s)x (s, x&) + f(s,x(s,x), B2y ([, 6(s, 1)x(x, x§)dr) )] ds]ds

T eAT_g o

+ = [d,B" — (4, By + EeAT)xg]

eAT—g

(4.8)
with
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x£(t,xg) = xX ,wherek=1,2.

From the equation ( 4.8) and using lemma 1.1, we have:

llx.. (8, x5) — 2. (8, x3) || < llxg — x5 [l lle ||
eIAIT_ gl ANT-EINT .t ~
+ ["E" - (W)] fu”E‘A“ 5}" [IB(s)x~(s,x3) —
x.(5,23)

+Ly||xa (s, 23) — 2 (s, 23| + LoSs || % (s, x2) — % (5, x3) ||]ds

(é.u.qur_glmmr—n

) 5122 NIB(S)lx- (s, x2) — x- (5,22

E‘II“‘"T—HE"

+Ly X< (5, x3) — xa (5, X)) + LS5 |l (5, x5) — % (5, x5) 1]ds

—— (4B, + Ee*T]|| x4 — 22

So that:
llx..(t, x5) — x..(t, xD)l < llxg — x3N(Qy + TH,) += Ql(H + Ly)llx.. (8, x5) — x..(t, x3)

+2 Q1 LS, ||%- (5, %3) — %a(5, 3 (4.9)
Now, by substituting inequality ( 4.9) in ( 4.7), we get:
llx..(t, x5) — x.. (&, x3)|| < (IB(E)IIL2SFyQ2Ey + IB(OIIE)llx.. (8, x5) — x..(t, x5) I
+(IBONEF(IANQ; + By + (@1 + TB)lIxE — 2]
So
llx(t,x5) — X (£, x5)|l < (1 — (IB(2)IIL2S2F; @2y + [|B(D)IIE)) ™
(IBONEF,(AIIQy + 1) + (@1 + TB))lIxg — xZ I
llx-.(t, x5) — x(t, x5) || < Fy(IIB(ONIEF1(1A11Q: + B1) + (@1 + T))lIxs — x5 (4.10)
where
Fy = (1= (IB(t)IIL,S;F,Q:E; +ZE,)) ™

Also, substituting inequality (4.10) in (4.7), we get the inequality (4.2).

Remark 4.1 [8]. Theorem 4.1, confirms the stability of the solution for the system (1.1) with
boundary conditions (1.7), that is when a slight change happens in the point x o, then a slight
change will happen in the function x = x(t, x o).

5.0 CONCLUSION

Through the use of Samoilenko’s numerical-analytic method of the periodic solutions of
non-linear differential equations which are given by [21], the present study reached the
following results, the existence of function 4 (0, xo), which is equal to zero, determines the initial
value of the solutions of non-linear systems of integro-differential equations of Volterra type
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where the properties of function 4 (0, xo) play a basic role in building a solutions of non-linear
systems of integro-differential equations of Volterra type, especially in the following integro-
differential equations :

dx(t)

L0 = (4 +BO)(O) +[f6,x(0), Ty ([, 6(t,9)i(s)ds)) — 4
with boundary conditions:

Ax(0) + Byx(T) =d, .detB, #0.
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